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DICKE MODEL AND ELECTROMAGNETIC FIELD PROPERTIES

The paper summarizes the long-term Dicke model investigations with a view of revealing the way
of correlation development in a system consisting of a large number of two-level quantum emitters
interacting via electromagnetic field. As early as in 1953 Dicke predicted the process of self-organizing
in such a system, thus generating a short coherent light pulse. After laser invention, the Dicke model
was regarded as a way to the analysis of laser systems. Its equilibrium properties and phase transition
in such system were under discussion. At the beginning of the 80-ies a consistent nonequilibrium theory
for the superradiance was developed in parallel with wide experimental study of the phenomenon.
Nevertheless the field state was considered as equilibrium at a certain temperature. Investigations of
the problem in Oles Honchar Dnipropetrovsk National University was based on the Bogolyubov
reduced description method allowing to include the field properties into the process picture. The
quantum-statistical approach implies an approximate depiction of the field with simultaneous
correlation functions of different orders. Proceeding from the principles of macroscopic
electrodynamics, we propose computer simulation of the superradiance process with using spatial
lattice sites.
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1. Introduction

A system consisting of a great number of two-level quantum emitters interacting
via electromagnetic field is described with the Dicke Hamiltonian. Proceeding from the
quantum selection rule, in 1953 Dicke predicted the process of self-organizing in such a
system, thus generating a short coherent light pulse that was called superradiance. After
laser invention, the Dicke model was regarded as a way to the analysis of laser systems
though the spontaneous emission determined the nature of processes in it. Then its
equilibrium properties and phase transition in such system were under discussion. Rapid
growth of nonlinear optics motivated the interest to the Dicke model. The first
experimental implementation of the Dicke process dates back to 1973. At the beginning
of the 80-ies the principally nonequilibrium nature of the Dicke phenomenon of
cooperative spontaneous emission became clear. Some new methods of studying
processes in systems of “matter+field” type developed in the Bogolyubov scientific
school were applied to this model and a consistent theory for the superradiance was
developed in parallel with wide experimental investigation of the phenomenon for the
military purpose. Notice that the field state was considered as equilibrium at a certain
temperature when the method of eliminating the boson variables was used, though the
essence of the Dicke phenomenon is a macroscopic filling of resonant modes of the
electromagnetic field. The delay time of the light pulse was identified by the moment of
fast changes in the emitter subsystem and the question of the radiation field state was not
raised. The modern progress in field state analysis stimulates the interest to more full
description of the emission generated by the Dicke system and advances in computational
experiments give the tool for such research work. The paper summarizes the approaches
used in superradiance theory and puts forward the idea of investigating the field
correlations by numerical methods on the basis of the reduced description method that is
applied in nonequilibrium quantum statistical physics by scientists of Dnipropetrovsk
National University.
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2. Early studies of the Dicke model. An equilibrium approach

During the analysis of a spontaneous emission process in a complex of identical
two-level emitters in the foundational paper [1] R. H. Dicke pointed out the following
consequence of applying the quantum symmetry requirements to the process: the system
should pass such states that could be considered as states of the joint electric dipole
moment. This approach to the system of N emitters resulted in the anticipation of the

radiation with intensity proportional to N after a period of time when the correlations
between the emitters arise. No direct interaction of emitters was necessary here; they
interact via the electromagnetic field, so the Dicke Hamiltonian had a simple structure

HD=Hm+Hf+Hmf (1)

where ﬁm and H ; are Hamilton operators of the systems of emitters (matter) and field,

correspondingly, wherein H n describes the interaction between the matter and field [2].

Obviously, two-level emitters can be described by quasispin operators and their
direct contribution to the Hamiltonian H,, is

Hm = Z h(DI’;Z (2)

l

where 7 :Ec;‘, o; is a Pauli matrix, index i numerates emitters, the frequency of the

working transition ® is accepted to be equal for all the emitters. The free field
Hamiltonian is put down as

H_f =thkak+ak (3)
k

2where index k numerates both the wave vector of a mode and its polarization, ®, is a

field mode frequency, and a; (@, ) are standard operators of creation and annihilation of

photons [3]. As usually, we omit the constant terms in H, and H,. The Dicke
Hamiltonian uses the simplest operator form for H,, with evident physical

interpretation:

_ - + -ikx; + ik-X;
H, =Y g, (rale ™™ +r'ae™™).
i

“4)

Here raising and lowering Pauli operators for the i-th emitter 7" =E(Gix * zcl:‘) are used

and vectors x; indicate the locations of corresponding point particles. g, denotes the
known coupling parameter of the i-th emitter and k-th mode [2, 3]. Such expression for
H,. can be obtained both from considering the interaction in terms of vector potential of

the wave field (Coulomb gauge) and from using the dipole approximation [4]. We can
argue that the operator form (4) is gauge invariant and valid for calculations of averages
including those of statistical systems if the proper transformations of physical value and
statistical operators are applied [5]. There were wide discussions in literature about the
correct form of the Dicke system Hamiltonian. We avoid the detailed retelling of them
concentrating ourselves on the principal stages of research into the problems of such
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system behavior. Really the matter-field interaction has a resonant character. Thus,
quickly oscillating terms are excluded from (4) and the Hamiltonian (1) with summands
explained above is referred to as Dicke Hamiltonian in the rotating wave approximation.
Some important features of the Dicke model behavior can be investigated with using the
one-mode concentrated system: its dimensions are much less than the wavelength of the
generated emission. In this case the rotational symmetry compels us to use the idea of
quasiaverages [6]. Emitter frequency spread can be taken into account through some
distribution function. A lot of generalizations was proposed and analyzed for the Dicke
Hamiltonian [2, 3]. The first years of Dicke model studies coincided with the beginning
of the era of lasers. In spite of the well-known stimulated emission role in the laser
principle, it was assumed that the Dicke model can be useful for explaining the physical
phenomena in lasers. Its attractiveness was based on the existence of an exact solution for
the equilibrium properties of such a system in the formal mathematical approach and
something in common between these properties and laser generation threshold. Hepp and
Lieb [7] computed thermodynamic functions for Dicke model in the limit N — e and
shown that the system exhibits a second order phase transition from normal to
superradiance. The model was studied thoroughly on the basis of the method of
approximating Hamiltonians developed by N. N. Bogolyubov (Jr.) [8]. For the one-mode
version of the Dicke Hamiltonian the macroscopic filling of the resonant boson mode

<a+a>~N , similar to the analogous filling in the theory of superfluidity, was

substantiated at temperatures less than a certain critical value. But it was clear that the
process physics in superradiance is another, that ordering occurs on the way to
equilibrium, and we deal with some kind of a “dynamical phase transition”.

3. Experimental interest to superradiance. Kinetic equations for a Dicke system
in the scheme of boson variable elimination

The analysis of conditions for superradiance observation opened a way to putting it
into life. It was done by Feld et al. in experiments with HF molecules in 1973 [9]. Pay
attention that in this case we have an opposite relation between the theory and experiment
in comparison with such collective quantum phenomena as superfluidity and
superconductivity. The experimental achievement [9] fallen behind the Dicke’s prediction
by 20 years. Superradiance implementation required providing the proper relationship
between a number of characteristic times in the system under consideration. Further years
showed great interest to the phenomenon in different media because just collective
spontaneous emission makes possible a coherent generation in the range of frequencies
where mirrors are absent. Hypothetical coherent generators in X-ray and gamma radiation
ranges can not be based on the stimulated emission. The creation of such generators may
be very prospective for fundamental physics and for practical applications, particularly in
the military sphere. The last circumstance strongly influenced the experimental
investigation of Dicke’s superradiance. Adequate theoretical research was necessary for
the development of the scientific direction. Different nonequilibrium statistical methods
were applied to the Dicke model and the method of boson variable elimination proved to
be the most fruitful at that stage. It was based on the Bogolyubov lemma [10] allowing to
express the quantum-statistical averages of the product of a boson operator and arbitrary
operator of the “matter+field” system via the averages of their commutator. In such a way
the kinetic problem for the joint system can be reduced to the dynamics of the “small”
subsystem of emitters where the relaxation processes are slower than those of the field
subsystem playing the role of thermostat. The paper of 1981 by Bogolyubov (Jr.), Fam Le
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Kien, and Shumovsky [11] presented the consistent hierarchy of kinetic equations for
quasispin operators of the Dicke model. In fact, it was a consequence of the evolution
equation for an arbitrary operator of the emitter subsystem in Heisenberg representation
with substituted formal solutions of the evolution equations for photon operators. The
chain was broken and the set of equations was solved with using the collective atomic
operators of the emitter subsystem taking into account its geometry

+ _ + tivx z _ Z VX
Ri=2re™™. R =D re™™ . 5)
i i

2mn,
3
Vv

The vector v determines modes in the working volume: v, = n=0,1,..., I=1, 2, 3.

Time integrals were eliminated due to the assumption of small interaction and Markovian
equations were obtained. Proceeding from the evolution equation for an arbitrary atomic
operator average, one could obtain the Markovian ‘“Master equation” for the statistical
operator of the emitter subsystem.

Many ideas concerning more accurately taking into account various additional
factors of the process (external field and pumping influence, losses, competing processes
of stimulated emission and many-photon ones) were put forward. In spite of numerous
results, we may note somewhat paradoxical situation with the method of boson variable
elimination. All conclusions about superradiant generation were made on the basis of
evolution picture of emitters due to the Dicke Hamiltonian integral of motion

Za;rak +R;. (6)
k

Quick changes of <R§ (t)> mean maximal changes of the total filling of boson modes, i.e.
superradiant pulse delay time. The picture of field correlations remains unknown.

4. Dicke model behavior in the framework of the reduced description method.
New possibilities and perspectives

No doubt that Dicke superradiance is the most interesting example of system
relaxation to equilibrium. New methods of nonequilibrium statistical physics can be
tested on this basis. Such efforts were undertaken in relation to the Dicke model by the
theorists of Dnipropetrovsk National University since 2000 under the supervision of
Professor A. I. Sokolovsky. Our research was based on the Bogolyubov reduced
description method developed by the Kharkiv scientific school [12]. Enough detailed
presentation of the method is given in the paper [13] in our “Visnyk”. The general idea of
statistical physics to take into account the medium influence without immersion in the
microscopic picture got specific development in the method. System evolution is
described with some macroscopic parameters and we may vary their choice. In the case of
boson variable elimination, the information about light generation becomes very
restricted, and the scheme of reduced description allows saving field parameters in the
consideration. At first the known results concerning the Dicke model were reproduced
[14]. Since we were interested in emitter subsystem behavior, atomic operators of
quasispin nature were used as parameters for reduced description. The most complete
picture of statistical system evolution is provided by its statistical operator, so the above
mentioned “Master equation” was constructed for the emitter subsystem. Then sets of

. . . + - . . .
equations for correlation functions of 7 operators (i.e. collective operators of emitter

subsystem) were obtained [15, 16] and we could speak about excitations in the quasispin
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complex (excitons). Their solutions remained unstudied in view of technical difficulties.
The corresponding problem was considered in 1988 for the concentrated Dicke system —
the set of six differential equations was solved numerically and it was regarded as success
[17]. But the real interest was caused by systems with different spatial distribution of
emitters. In 2008 the problem of field state in superradiant process was put forward [18].
It proved to be possible through introducing additional reduced description parameters
concerning electromagnetic field. We put down the interaction Hamiltonian (4) in the
form

H,, ==[dXE/(x)B(x). (7

where E, is a macroscopic transversal field strength operator expressed via boson
operators in a standard way for the spatial point with the radius-vector x, P, is an operator
of emitter electric polarization density taking into account the quasispin description of
emitters F(x) = 22 d, r"8(x —x,) where d; stands for the matrix element of the working

i

transition. Emitter subsystem state is described by the operator of power density
s(x)zhmz r*3(x —x,) . Notice that the operators of field strengths E;, B, and their

binary correlators as well as the operator e(x) satisfy the Peletminskii-Yatsenko

conditions [12] and can form the basis for the reduced description of the process with
their average values. In this case the statistical operator at great times turns to the
quasiequilibrium form and provides the possibility of simple calculations of averages.
Obviously, electromagnetic field as a statistical system can be approximately described
by correlation functions of different orders at each time moment and the minimal order
that is necessary for the statistical picture is the second one [19]. The correct approach to
the field state description lies in using the simultaneous correlation functions built with
various components of field vectors. Famous Glauber correlation functions measured in
the coincidence scheme [20] should be considered as a tool for field state diagnostics. The
connection between simultaneous and Glauber functions can be established due to the
known time dependence of field modes.

We have built a set of evolution equations including those for binary correlation
functions for the Dicke process for an arbitrary system of emitters (any shape, any
distribution in space, any orientation; frequency spread is possible) [21]. For such a
medium some ideas of electrodynamics of continuous media were applied. Normal waves
have been investigated and the possibility of waves of correlations has been pointed out
[22]. Now a new program of studying the Dicke model in the reduced description
approach is considered. If we are interested in revealing the course of the process and the
peculiarities of correlation arising, the only way to obtaining the information is the direct
solving of the set of equations. Now we should pay our attention to the fact that we stay
in the frame of the macroscopic approach and there is no necessity of simulating a
separate emitter. Our equations operate with macroscopically averaged fields and
correlations. If we know their values on a certain spatial lattice, the full picture of the
process becomes clear. Of course, if the number of lattice sites makes one thousand, the
number of correlation functions reaches several millions, but modern computer
technology can meet the challenge. Experience of numerical simulations at our
Theoretical Physics Department shows the feasibility of computer modeling of the Dicke
process with field variables. At first stages we can restrict ourselves with less number of
sites and then apply technological achievements. Such program has been presented this
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year at international conferences [23-25] and met positive attitude. There were
presentations with similar ideas basing on the enormous technology capacity expansion
[26]. For our proposal concerning Dicke model investigation, we see the possibility of
obtaining the information about the way of correlation development and, in this
connection, the analysis of the probable observation of non-classical field states in the
system under consideration.

5. Conclusions

The Dicke model played an important role in studies of cooperative processes. Its
history was full of unexpected turns and came to the present-day position of the reliable
tool for analyzing the processes of self-organizing in nonequilibrium systems. Many
theoretical methods were tested on the Dicke model. Interest to it is not exhausted: the
Dicke system can be useful as an element of experimental complex for the
implementation of new phenomena: Bose-Einstein condensate coupling with a cavity
mode, ion trapping, quantum entanglement and so on (see [27] and references in it).
Investigations of the Dicke model at Dnipropetrovsk National University on the basis of
Bogolyubov reduced description method have brought a number of achievements. The
possibility of studying the field evolution seems to be the most interesting among them.
Previously the delay time of the superradiant pulse was fixed and controlled and now it
becomes possible to obtain and analyze the whole picture of arising and development of
correlations in the field. Incidentally the problem of generation field states with
interesting correlation properties in the system of two-level emitters interacting via field
should find its solution. Such program can be put into life on the basis of numerical
simulation of the processes in the system with modern computer technology.
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