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TUNNELLING OF RECTANGULAR WAVE PACKAGES
THROUGH RESONANT QUANTUM SYSTEMS

Tunneling of wave packages through resonant quantum systems represented in the S-
matrix form is investigated. An arbitrary incident wave package can be written as the
superposition of Gaussian pulses and for the latter ones the exact analytic solution was obtained
already. As a practically interesting case, the passage of the rectangular wave package through
system with a one-resonant level is considered. Using the developed recently modified saddle-
point method the passage of the wave packages of the Gaussian and rectangular forms is
investigated for such a system. The time delay (At), argument and amplitude of the outgoing
wave are calculated. The dependences of At tunneling time on the width and energy of
resonance levels, as well as on the momentum of the incident wave-package are presented. The
results are compared with the ones obtained for tunneling of the one Gaussian package.
Possible applications are discussed.
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Y poboTi AocaiIKy€eETbCA TYHHEJBAHHS XBHJbOBHMX NaKeTiB Kpi3b BiAKPHUTI KBaHTOBI
CHCTEMH 3 Pe30HAHCHMMHU PiBHAMM, NpeAcTaBJieHi B S-MaTrpuuyHomy Burisai. Ilaker noBiibHoOI
(¢opMH, 0 MOJAETHCA HA BXiJ KBAHTOBOI CHCTeMH, MOKHA 3aMHcaTH y BUILJIAAI cynepmo3umii
nakeTiB rayciBcbkoi ¢opmu, a 1A ocTaHHIX y:Ke OyJ0 OTPUMAHO TOYHHUIl aHAXITHYHMIA
po3p’a3ok. IlikaBuM 3 NPaKTH4YHOI TOYKH 30py € JOCHIAXKEHHS IMPOXOJKEHHH MHaKeTy
NpAMOKYTHOI ¢opmMm Kpi3hb KBaHTOBY CHCTeMY 3 OJHHM Ppe30HAHCHHM piBHeM.
Buxopucropywoun po3po6aeHuii panime moaudikosaHuii MeToa cilyIOBOI TOUKH, PO3IIAAAETHCH
NPOXOJKeHHs NaKeTiB rayciBcbkoi Ta NpsAMOKYTHOI ¢opMu s TaKoi CHCTeMH.
Po3paxoByroThes yac 3aTpUMKH (At), aprymeHT i ammiityaa nakery, mo BuxoanTsh. HaBoasaTscst
rpagiku 3ajexHocti At Bix muMpuHu i eHeprii pe30HAHCHUX PiBHIB cHUcTeMH, a TAKOXK iMIyJbCy
XBHJbOBOI0 MaKeTy, IO MOJA€THCSI Ha BXiA KBaHTOBOI cucremu . OTpumani pe3yabTaTu
NOPiBHIOIOTHCSA 3 pe3yjbTaTaMM TYHEJWBAHHS OJHOI0 rayciBcbkoro makery. O0ropoprooTrbes
MOZKJIMBI 32CTOCYBaHHSl OTPHMMAHHUX pe3yabTaTiB.

KirouoBi c1oBa: KBaHTOBI CHCTEMH, TyHEJIIOBaHHSI, 9aC 3aTPUMKH, PE30HAHC.

B palGore wucciaeayerci TYHHeJHUPOBAHHE BOJHOBBIX IIAKeTOB 4epe3 OTKPLIThbIE
pe30HAHCHBbIe KBAHTOBbIE CHCTEMbI, IMpeAcTaBJeHHble B S-marpuyHoM Buje. Ilaker
NPOU3BOJLHONI (opMbI, MoJaBaeMblii HA BXO0J KBAHTOBOW CHCTeMbl MOXKHO 3amucaTb B BHJe
CyNnepno3WuMu NaKeTOB rayccoBoii ¢opmbl, a I HHX paHee YyKe IOJYy4eHO TOYHOe
aHaJuTHYecKoe pemenne. MHHTepecHBIM ¢ MNPaKTHYeCKOH TOYKH 3peHHsl sIBJseTCS
HCcclel0BAHHE MNPOXOKAeHUS] MaKeTa NPSAMOYroJbHOi ¢opmMbl 4Yepe3 KBAaHTOBYI0 CHCTeMY C
OlHHM Pe30HAHCHBIM yYpoBHeM. Mcnonb3ys paspabdoraHHblii paHee MOAU(GUIMPOBAHHBIA MeTO
CeJJIOBOH TOYKH, PacCMaTPHBAaeTCAd IPOXOKAECHHE IAKETOB TrayccOBOli M NPAMOYIOJbHOM
dopmbl B Takoii cucreme. PaccunmThiBaloTcsi Bpemsi 3alep:KkM Af, apryMeHT M aMILIMTYyAa
BbIxoAsimero mnaxkera. IlpuBoasTcs rpadukm 3aBpucuMocTH At OT INIMPUHBI M JHEPrHHU
Pe30HAaHCHBIX YPOBHeil cHCTeMBbI, a TakKike HCXOJHOr0 MMIYJbCa BOJHOBOIO MAaKeTa.
Hoay4yenHbie pe3yJbTaThl CPABHHBAKTCS € Pe3yIbTATAMH TYHHEJIMPOBAHHMSA NaKeTa rayccoBoi
¢opmbl. O6cyxnaTC BO3MOKHBIE IPUMEHEHHUs MOJIy4YeHHbIX pe3yJabTaToB.

KiwueBble €J10Ba: KBAHTOBBIC CUCTEMBI, TYHHEIUPOBAHUE, BPEMS 3aICPKKH, PE30OHAHC.
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1. Introduction

Tunnelling of wave packages through quantum systems (QS’s) with resonant levels
is an interesting phenomenon that is important nowadays from practical points of view.
Its description requires taking into account numerous quantum and boundary effects
related with interference of incident and reflected waves. These effects are observed at
pulse passage through double-barrier diodes, quantum tunnelling transistors and open
heterostructures. Such type systems are widely used in modern micro- and
nanoelectronics. Numerous publications are devoted to these problems (see, for instance,
[1-3] and references therein). The main goals of interest are the description of the
tunnelling process and time delay inside a system. Because of complication of QS’s and
variety of incident pulses, most investigations deal with a given QS and specified wave
packages. In the literature, no general analytic approaches have been developed.
However, this is of interest because just in analytic investigation the time delay and other
parameters of the passage can be determined. Recently, in papers [5-7], a general
solution of the scattering problem has been obtained in the analytic form for a Gaussian
incident wave package. The passage amplitude was written in terms of Erfc(z) special
function. In this approach, QS is presented as an S-matrix with resonant energy levels E,
and corresponding widths I'n. It can be expressed in terms of the incident package
parameter - the packages width a. As a consequence, all the packages have a unite width
and can be investigated on the equal footing. Then a generalized saddle-point method can
be used to calculate the passage amplitude. After that, one can return back to initial
parameters in the problem. This opens a possibility for investigations of packages of other
form by using a superposition principle.

In the present paper, we investigate the tunnelling of the rectangular wave package
through QS with a one-resonant level that has a practical interest. We present the incident
pulse as three Gaussian ones with close momenta and widths. The passage amplitude is
obtained as the superposition of each considered mode. We calculate the main parameters
of the outgoing amplitude, in particular, time delay and compare the results with that for
one Gaussian mode passing. The comparison shows that the outgoing rectangular wave
packet has parameters which are more attractive for various applications. The paper is
organized as follows. In the next section we give necessary information on the description
of QS’s and the applied approach. In Sec. 3 we present the obtained results and make a
comparison of passages for considered packages. Other possible applications are also
discussed.

2. Rectangular packages

Tunnelling of rectangular wave packages is of interest because pulses of such type
can be easily generated in laboratories. To relate the ingoing states before scattering with
outgoing states after interaction, the S-matrix formalism of scattering theory is widely
used. The S-matrix elements can be calculated by different methods. For example, the
expansion of scattering amplitude in perturbation theory or investigation of its general
properties can be used. In what follows, we apply the S-matrix for describing the passage
of the wave packages through QS. According to the general procedure [5, 6], we
introduce dimensionless variables for describing both the incident wave package and the
QS. The S-matrix of QS is given as a superposition of the resonant level k; of the type

a;

ir.
k—k; +—-
2
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2mE.

Here, K i = Tj corresponds to the energy of the level and I is the level width.
Then the outgoing wave package is related with the incident one as follows
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The incident rectangular package (Fig. 1) can be presented as the superposition of
three Gaussian’s pulses. As it is seen from Fig. 1, a few Gaussian pulses are sufficient to
realize a packet of such type quite well. The number of the constituents included into
superposition does not influence calculation procedure but considerably increases needed
computational time. For example, the computer time for four constituents taken in the
superposition is two orders larger than the time for three terms in the sum. So, to optimize
calculations, we present the incident state as the superposition of three Gaussian pulses

(s-a))°

3 -
Y=>Ae ? 2)
i=1

where the coefficients A; are chosen from the requirement of obtaining the pulse with the
given width. To calculate the integral in Eq. (1), the modified saddle-point method is used [5].
It includes writing down the

eoee -lGaussianpulse — regopant poles entering S(K) in the
-3 Gaussians pulse
form

-4 Gaussians pulse

ir Cin(k—k; + )
(k—kj+—') =e 23

2
as a necessary step and calculating
the saddle points of the expression
obtained in the exponential. In such
a way complicated relations
between different parameters of the
QS and the package can be
accounted for exactly and the
regular part of the amplitude can be
\ obtained as an  asymptotic
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Fig. 1. The form of incident wave package tunneling through = | The outgoing Wa.Ve package
the quantum system is given by the expression

. 1
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where §; are saddle-points.

The wave function of the outgoing package differs from the incident wave package
by some phase factor. The factor depends on the kinetic energy of the incident state, the
potential energy of the barrier and time delay. The time delay can be calculated from the
equation (see, for instance, [4])
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_ dArg(¥)
de

Hence, the advantage of the analytic methods is obvious.
The considered incident package is shown in Fig. 1 and the outgoing state in Fig. 2.

The values of the coefficients are in the subscriptions for the figures. The time delay
depends on the package and QS parameters. Some illustrations are shown in Figs. 3, 4, 5.
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Fig. 2. The outgoing wave package form for the
rectangular package tunneling with the
parameters ')=0.02, =300, k;=1, k,=6.
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Fig. 3. The time delay from the S-matrix poles for
the rectangular package tunnelling with the
parameters I'y=0.02, =300, k,=1, k,=6.
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Fig. 5. The time delay of the Gaussian

Fig. 4. The time delay of the rectangular package
tunnelling with the parameters I'y = 0.02, T = 300,
ki=1,9=30

package tunnelling with the parameters I'y=
0.02, T=300,k, =1, q=30

3. Conclusions

In the present paper, we make use of advantages of the approach to investigating the
pulse propagation through resonant QS’s, which is based on the modified saddle-point
method and S-matrix formalism. It gives a possibility for investigation of the tunnelling
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process. The Gaussian package tunnelling is an exactly solvable problem. By represent-
ing an incident wave package as the superposition of Gaussian packets, one can obtain
exact analytical solutions for a wide class of problems which are interesting in practice. In
the present paper, the case of the rectangular package represented as a superposition of
three Gaussian pulses was investigated in detail and the results are compared with the
ones for the Gaussian pulse with the same characteristics. As we can see from Figs. 2, 6,
the former package demonstrates much
Wout better stability than the Gaussian one.
Really, the center of mass of the rectan-
gular package is observed at a distance
twice longer than the center of mass for
the Gaussian pulse. It means that the velo-
city of the first packet exceeds that of the
latter one approximately twice. The same
can be seen from Figs. 4 and 5. Really, for
the incident momentum Ky = 6 the time
delay for the Gaussian pulse is almost twice
larger than that for the rectangular package.
0 5 0 e Hence, we can conclude that the usage of
q rectangular packages in information trans-
Fig. 6. The outgoing wave package form for the mISSIPH has to be more adyantageogs.
Gaussian package tunnelling with the parameters L his is because a large tunnelling velocity
I'y=0.02,T=300,k,=1,k,=6. makes them more profitable in micro-
electronics units. Moreover, a stable form
of rectangular packages makes them more easily recognizable by electronics devices.

As a conclusion, we note that the problem of the resonant transmission of pulses of a
general type through QS’s can be investigated analytically. The results obtained here can
find various applications in microelectronics. In particular, due to explicit expressions
and their simplicity, it is possible to work out a universal mathematical packet allowing to
calculate automatically all the parameters of the transmitted pulse for various QS’s and
incident packages of interest.
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